II. Mathematical model

119
The model used in this study is a minimal phenomenological model translated into ordinary 120 differential equations (ODEs). Our purpose is to gain an understanding of the principles that underlie 121 the generation of a doubling in the frequency of expression peaks in oscillatory circuits, such as we 122 observed in vivo. We therefore chose not to model the circadian clock explicitly, and to simplify the 123 regulatory terms. The species in the model are the circadian clock, PsbAI (or RpoD6), and SigC (which 124 we split into active and inactive forms). 125
We describe the time evolution of the clock, Θ, by a sinusoidal signal of the form: 126 regulator is "bound"; only the clock output is "bound"; only SigC is "bound"; and both regulators are 136 "bound". The total production rate then becomes: 137
where is the maximal production rate; Θ is the activation coefficient of species by the clock;SigC (by its active form ); ℎ S is the degree of cooperativity of that repression; and [ ] is 141 the concentration of the active form of SigC (the only form that can affect expression of downstream 142 targets). We normalise our model by dividing all species, maximal rates and coefficients by the 143 maximal output of the clock ( ). This operation means the system is effectively modelled in units of 144 clock output. 145
The system of ODEs is: 146
In equations (S3) and (S4), the parameters in the production rate terms are as described in Equation 151
(S2) (with the subscripts and representing 1 and respectively). In the dilution terms, 152 is the average cell cycle duration (and so it represents dilution by cell growth), is the reported 153 half-life of the fluorescent reporter used in the experiments (YFP_LVA) (Chabot et al, 2007) , and is 154 half-life of of SigC (we assume both forms of SigC are unstable and have the same half-life). and 155 are the forward and back rates of activation of SigC. This reaction may, for example, represent 156 binding and unbinding of SigC to the RNA polymerase. We choose to include this reaction in our 157 system in order to be able to model the possible effects of environmental perturbations in the 158 activity of SigC. 159
The SigC deletion mutant is simulated by eliminating the two last terms in the denominator of the 160 production rate, i.e., 161
6 is modelled by an equation equivalent to Equation (S3), updating the respective parameters. 163
To generate the numerical simulations presented in the main text and supplementary figures, the 164 initial conditions of all species are set to 0. The system is simulated for 600 h, but only the final 120 h 165 are shown with =0 scaled accordingly. In Figure 4 we used the following set of parameters: 166 Table S1 : Parameters used for the simulations in Figure 4 . 167 To generate the simulations for RpoD6 shown in Figure 6D , all parameters were kept the same 170 except the activation coefficient , which was set to 0.3. This parameter describes a characteristicof the PsbAI and RpoD6 "promoters" (e.g., its sequence), and so it is reasonable to assume this is 172 one parameter biological systems can tune to generate different frequency modulation. 173
Parameter
To generate the numerical simulations for the higher light perturbation ( Figure EV3A , dashed line in 174 Figure EV3B) , we modified the cell cycle duration, , to 9.3 h (the value we measured 175 experimentally), and the back rate to 10 h -1 . The assumption underlying this modification is that 176
SigC is less active (or more unstable) at higher light, which is a possible interpretation of our 177 observations ( Figure 5, Figure EV2 , Figure EV3 ). We note that other modifications could be 178 responsible for the near disappearance of the double peak in the experiments ( Figure 5A ). For 179 example, the amplitude of the clock may change under different light conditions (through 180 parameters and ), which may also move the output of the model from a double peak to a single 181 peak result. However, they do not result in the upregulation of sigC expression observed 182 experimentally ( Figure EV2 ). In Figure EV3B , the sum of the two forms of SigC ( and its active 183 form ) is shown. The low light simulation (solid red line, Figure EV3B ) uses the parameters 184 from Table S1 . 185
Finally, for the simulations shown in Figure S7 (and in inset of Figure 6D ), we made the following 186 changes to the parameters in Table S1: shown that a general model of the kind described by Equation (S2) is intrinsically a two peak model. 195 Previous studies have already demonstrated that two oscillatory inputs coupled non-linearly (e.g., an 196 AND gate where the output is the product of the two inputs) can generate sub-circadian harmonics 197 (Westermark & Herzel, 2013 ). In our model we have a production rate given by: 198 (Westermark & Herzel, 2013) . We 208 will consider the more restrictive case where they have the same phase ( = 0). 209
In our model, double peaks of expression require double peaks of production rate. We can find the 210 double peaks by solving = 0. In other words, we need to find the roots of the numerator of : 211 
�. (S10) 216
In the special case where the basal activities are set to zero and 1 = 1, Equation (S10) simplifies to 217 than the maximal value of the input oscillators, which is a reasonable assumption, then that 221 condition is verified. If, for example, 2 = 1 = 1 and ,1 = ,2 = 1/2, the whole set of 222
� , ∈ ℤ , and so the system generates two peaks of 223 activity (and two troughs) in each circadian cycle. In this special case, the peaks are uniformly 224 separated by 12 hours, but different parameterisations can tune the peak-to-peak distances to be 225 non-uniform (such as we observed experimentally), and even to be so small as to effectively merge 226 the double peak into a single peak. 227
This calculation only demonstrates that the production rate can easily exhibit double peaks. This is a 228 necessary but not sufficient condition to produce double peaks of expression. If a double peak in 229 production rate is too subtle, then the double peak will either be obscured or become a shoulder at 230 the expression level, unless the dilution rates and other kinetic parameters are fast enough, or, 231 alternatively, the Hill exponents are raised. These parameters can easily be tuned in the full model 232 (Equations (S3-S5) ). 233 non-linearities are cooperative binding and combinatorial regulation (Korenčič et al, 2012 ; 238 Westermark & Herzel, 2013) . These mechanisms can be phenomenologically modelled by Hill 239 functions and products of input time variables. In the denominator of equation (S7) one finds the 240 term 1 . 2 , which we can write as a product of two sinusoidal terms (S1), such that 241
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